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Abstract
The focus of this paper is Galois embedding problems associated with extensions of C2 by groups
of the form (C2)r × (C4)s × (D4)t over arbitrary fields of characteristic not 2. As an application of
our general solution, we obtain obstructions to the realizability of 13 groups of order 32 for which
obstructions were not previously known.
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1. Introduction
Let K be a field of characteristic not 2 and let Cn and Dn denote the cyclic group of
order n and the dihedral group of order 2n, respectively. In this paper we study Galois
embedding problems with kernel C2 and quotients of the form (C2)r × (C4)s × (D4)t ,
with r, s, t  0. We apply our results to prove necessary and sufficient conditions for the
Galois realizability of 13 groups of order 32 for which realizability conditions were not
previously known.
We begin with a precise definition of our use of the term “embedding problem.”
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extension L/K and a short exact sequence
1 N
ι
E
ψ
Gal(L/K) 1, (1)
does there exist a Galois field extension M/K with L ⊂ M and a homomorphism
ϕ : Gal(M/K)→ E such that ψϕ : Gal(M/K)→ Gal(L/K) is the natural restriction of
Galois groups?
The embedding problem is non-split whenever the exact sequence in (1) is non-split.
The pair (M/K,ϕ) is a proper solution if ϕ is a surjection and a weak solution otherwise.
It is straightforward to show that any solution to a non-split embedding problem with kernel
C2 is a proper solution. Further, a non-split embedding problem with kernel C2 is solvable,
i.e., a solution (M/K,ϕ) exists, if and only if the corresponding obstruction is trivial in
Br(K), the Brauer group of K . (See, for example, [6, pp. 826–827].)
In Section 2, we present our main theorem (Theorem 1) which provides a method for
determining solutions to a variety of embedding problems with kernel C2 and quotient
(C2)r × (C4)s × (D4)t . In Section 3, we apply Theorem 1 to 13 specific groups with
quotients of the form (C2)r × (C4)s × (D4)t in order to solve the Galois realizability
problem for those groups. In other words, for the given group E, we determine the
necessary and sufficient conditions on a field K for K to have a Galois extension M/K
with Gal(M/K)∼= E. This leaves only 10 groups of order 32 without known realizability
conditions.
2. Non-split embedding problems with kernel C2 and quotient (C2)r × (C4)s × (D4)t
In this section, we state and prove Theorem 1, which provides a method for determining
conditions for non-split embedding problems with kernel C2 and quotient (C2)r × (C4)s ×
(D4)t . Note that a group extension E of C2 by G is split if and only if E ∼= C2 ×G.
Theorem 1 is based on a result of Ledet [7], which decomposes the obstruction to an
embedding into a product of obstructions to related embedding problems. Our result differs
from Ledet’s in that we consider a specific quotient, (C2)r × (C4)s × (D4)t .
Identify Cn with 〈ζn〉, where ζn is a primitive nth root of unity. Let L/K be a
(C2)r × (C4)s × (D4)t -extension, so that L is the composite of a (C2)r -extension, a
(C4)s -extension, and a (D4)t -extension. We begin by recalling the characteristics of these
extensions, as described in [7], among others.
Any (C2)r -extension of K can be written in the form K(
√
a1, . . . ,
√
ar ), where the
ai are quadratically independent elements of K˙ . The Galois group of the extension is
generated (up to isomorphism) by {σi}ri=1 ⊆ Gal(L/K), where σi(√aj ) = (−1)δij√aj
for all i, j  r .
K has a C4-extension if and only if there exists a non-square element a ∈ K˙
and an element ε ∈ K˙ such that a = ε2 + 1. Any (C4)s -extension can be written as
K(
√
qr+1(ar+1 +√ar+1), . . . ,
√
qr+s(ar+s +√ar+s ) ), where the ai are quadratically
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ai = ε2i + 1. The Galois group of the extension is generated by {σi}r+si=r+1 ⊆ Gal(L/K),
where
σi
(√
qi
(
ai +√ai
))= qiεi
√
ai√
qi(ai +√ai )
and
σi
(√
qj
(
aj +√aj
))=
√
qj (aj +√aj ) for all i = j.
A straightforward computation shows that σi(
√
aj )= (−1)δij√aj for all i, j with r < i 
r + s and r < j  r + s.
Finally, K has a D4-extension if and only if there exist quadratically independent
elements a, b ∈ K˙ such that (a, ab)= 1 in the Brauer group, Br(K), that is, if and only if
ab is a norm from K(
√
a) to K [1, 7.7(i)]. Any (D4)t -extension can be written as
K
(√
qr+s+1
(
αr+s+1 + βr+s+1√ar+s+1
)
,
√
br+s+1, . . . ,
√
qr+s+t
(
αr+s+t + βr+s+t√ar+s+t
)
,
√
br+s+t
)
,
where all ai, bj ∈ K˙ are pairwise quadratically independent, aibi = α2i −aiβ2i , αi ∈K , and
βi, qi ∈ K˙ for all i , r + s < i  r + s + t . The Galois group of the extension is generated
by {σi, τi}r+s+ti=r+s+1 ⊆ Gal(L/K), where
• σi
(√
qi
(
αi + βi√ai
))= qi
√
aibi√
qi(αi + βi√ai )
for all i;
• σi
(√
qj
(
αj + βj√aj
))=
√
qj
(
αj + βj√aj
)
for all i = j ;
• σi
(√
bj
)=√bj for all j ;
• τi
(√
qj
(
αj + βj√aj
))=
√
qj
(
αj + βj√aj
)
for all i, j ;
• τi
(√
bj
)= (−1)δij√bj for all i, j.
It follows that any (C2)r × (C4)s × (D4)t -extension L/K can be written in the form
L=K
(√
a1, . . . ,
√
ar,
√
qr+1
(
ar+1 +√ar+1
)
, . . . ,
√
qr+s
(
ar+s +√ar+s
)
,
√
qr+s+1
(
αr+s+1 + βr+s+1√ar+s+1
)
,
√
br+s+1, . . . ,
√
qr+s+t
(
αr+s+t + βr+s+t√ar+s+t
)
,
√
br+s+t
)
, (2)
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with εi, qi ∈ K˙ for r < i  r + s, and αi ∈K , βi ∈ K˙ with aibi = α2i − aiβ2i and qi ∈ K˙
for i > r + s. Further, the Galois group of L/K is generated by {σi, τj | 1 i  r + s + t ,
r + s < j }, where the σi and τi that generate each factor are defined as above, with the
additional requirement that σi and τi fix the elements corresponding to the j th factor for
all i = j .
We now apply [7, Corollary 2.5] to obtain the following theorem, which gives the
obstruction to the embedding problem with kernel C2 and quotient Gal(L/K).
Theorem 1. Let L/K be a (C2)r×(C4)s×(D4)t -extension as in (2) and let σ1, . . . , σr+s+t ,
τr+s+1, . . . , τr+s+t be the generators of Gal(L/K) defined above. Let
1 C2 E (C2)r × (C4)s × (D4)t 1 (3)
be a non-split extension of groups, and choose pre-images g1, . . . , gr+s+t ∈ E of
σ1, . . . , σr+s+t and hr+s+1, . . . , hr+s+t ∈E of τr+s+1, . . . , τr+s+t . Where appropriate, let
−1 denote the image of −1 in E. Then the obstruction to the embedding problem given by
L/K and (3) is
r∏
i=1
(ai,−1)di ×
r+s∏
i=r+1
[
(ai,2)(−1, qi)
]di
×
r+s+t∏
i=r+s+1
[[
(ai,−2)(−bi,2αiqi)
]di (bi,−1)ei (ai,−1)fi
]
×
∏
i<j
(ai, aj )
dij ×
∏
i<j
(ai, bj )
eij ×
∏
i<j
(bi, bj )
fij , (4)
where g2i = (−1)di for i  r; g4i = (−1)di for r < i  r + s + t ; h2i = (−1)ei for
r + s < i  r + s + t ; higi = (−1)fi g3i hi for r + s < i  r + s + t ; gigj = (−1)dij gjgifor all i, j ; gihj = (−1)eij hj gi for all 1  i < j , with r + s < j  r + s + t ; and
hihj = (−1)fij hjhi for r + s < i < j  r + s + t . (If αi = 0, then −bi is a square in
K˙ and we set (−bi,2αiqi)= 1 in Br(K).)
Proof. It is straightforward to verify that for all i, j , σi(
√
aj ) = (−1)δij√aj and
τi(
√
bj )= (−1)δij
√
bj . Thus the hypotheses of [7, Corollary 2.5] are satisfied. Hence the
obstruction to the embedding problem given by L/K and (3) is, in Ledet’s notation,
∏[
Li,Gi, resG→Gi (γ )
] ·
∏
(i,h,j,k)∈I
(ai,h, aj,k)
d(i,h,j,k).
The first product corresponds to products of the obstructions to the embedding problem
restricted to each of the quotients C2, C4, and D4. (These obstructions can be found, for
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the first two lines of (4). The second product translates directly into the last line of (4). ✷
3. Applications of embedding criteria to Galois realizability
For fields of characteristic 2, a classic result of Witt [11] solves realizability problems
for finite 2-groups in general. A compilation of conditions for the realizability of groups of
order 2, 4, 8, or 16 over fields of characteristic not 2, as well as descriptions of extensions
with those Galois groups, can be found in [4,7].
Fourteen of the 51 groups of order 32 are direct products of the formC2×G and so have
realizability conditions that are easily derived from those already known for the groups of
order 16. Similarly, conditions for the direct products C4 ×C8, C4 ×D4, and C4 ×Q8 are
easily derived from the conditions for the realizability of each factor. Conditions for eleven
more groups of order 32 can be found in (or easily derived from results in) [2,8,9]. We give
results for 13 additional groups of order 32, leaving only 10 without known realizability
conditions.
There is no universally accepted notation for the groups of order 32. Numbering
schemes for the groups can be found in [3,5,10]. Our convention is to use the ordered
pair (m,n) to identify the group of order 32 corresponding to 32/m in [10] and to [32, n]
in GAP’s small groups catalog [3] and to 32/m in [10]. In our proofs, we simplify the
notation and refer to the group as Gn.
Presentations for the 13 groups of order 32 for which we provide solutions are given in
Table 1. In the presentations, [a, b] denotes the commutator aba−1b−1 and Z denotes the
center of the given group.
Table 1
Group presentations
Group Generators Relators
(16,24) x,y, z x4, y4, z2, [x,y], [x, z], zy−1zx2y
(17,38) x,y, z x8, y2, z2, [x,y], [x, z], zyzx4y
(19,4) x,y x8, y4, y−1x−1yx5
(26,42) x,y, z x8, y2, z2, [x,y], (xz)2, (yz)2x4
(33,27) v,w,x, y, z v2,w2, x2, y2, z2, [x,y], (xz)2v, (yz)2w, {v,w} ⊆ Z
(34,34) x,y, z x4, y4, z2, [x,y], (xz)2, (yz)2
(35,35) x,y, z x4, y4, [x,y], x2z2, xzxz−1, yzyz−1
(36,28) w,x,y, z w2, x2, y4, z2, [x,y], (zx)2w,(yz)2,w ∈ Z
(37,29) w,x,y, z w2, x2, y4, y2z2, z−1xzwx,yzyz−1, [x,y],w ∈Z
(38,30) w,x,y, z w4, x2, y2, z2, [w,y], zw−1zwx, (yz)2w2, x ∈Z
(39,31) x,y, z x4, y4, z2, [x,y], (xz)2, (zy)2x2
(44,43) x,y, z x8, y2, z2, [y, z], (xy)2, xzx3z
(45,44) x,y, z x8, y2, [y, z], x4z2, xyx3y,xzxz−1
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Realizability results
Group |K˙/K˙2| Trivial elements in Br(K)
(16,24)  8 (a,−1)(b, c), (c,−1)
(17,38)  8 (a, b)(c,2)(−1, q), (c,−1)
(19,4)  4 (a,−1), (b,−1), (a,2b)(−1, q)
(26,42)  8 (a, c)(b,2)(−c,u), (b,−c)
(33,27)  8 (a, bc), (b,−c)
(34,34)  8 (a,−c), (b,−c)
(35,35)  8 (a,−c)(c,−1), (b,−c)
(36,28)  8 (a, c), (b,−c)
(37,29)  8 (a,−1)(bc,−a), (b,−c)
(38,30)  8 (b,−a)(c,−1), (b,−c)
(39,31)  8 (a,−c)(b,−1), (b,−c)
(44,43)  8 (b,2a)(−c,u), (b,−c)
(45,44)  8 (b,2a)(−c,u)(c,−1), (b,−c)
The realizability conditions for these 13 groups are given in Table 2. The second column
of the table gives a minimum for the size of K˙/K˙2 and the third column lists elements that
must be trivial in the Brauer group of K , written in terms of the generators given in Table 1.
Propositions 3–5 provide precise statements of the realizability results for three of these
groups and are proved in detail. As explained in the text, the proofs for the remaining
groups are similar. For each group, the quotient map of the short exact sequence needed in
the corresponding proof is given in Table 3.
For our proofs, we rely heavily on the well-known correspondence between certain
Galois realizability problems and embedding problems. This correspondence, which we
state for clarity below, allows us to use the embedding criteria given in Theorem 1 to
obtain the 13 previously unknown realizability results for groups of order 32. Recall that
K is a field of characteristic other than 2.
Theorem 2. Let E be a finite 2-group and let N ✁ E be a proper subgroup of order 2.
Let κ :C2 →E be the map induced by the isomorphism C2 ∼=N . Let π :E→E/N be the
canonical projection.
If E N ×E/N , then there exists a Galois extension M/K with Galois group E if and
only if there exists an E/N -extension L/K such that given the non-split exact sequence
1 C2 κ E π E/N 1, (5)
there exists a Galois extension M/K and an isomorphism ϕ : Gal(M/K)→ E such that
πϕ is the natural surjection of Galois groups.
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Short exact sequences for realizability proofs
Group Quotient κ(−1) Quotient maps
(16,24) (C2)2 ×C4 x2 x → (−1,1,1), z → (1,−1,1), y → (1,1, i)
(17,38) (C2)2 ×C4 x4 y → (−1,1,1), z → (1,−1,1), x → (1,1, i)
(19,4) (C4)2 x4 x → (i,1), y → (1, i)
(26,42) C2 ×D4 x4 y → (−1,1), x → (1, σ ), z → (1, τ )
(33,27) C2 ×D4 w y → (−1,1), xz → (1, σ ), z → (1, τ )
(34,34) C2 ×D4 x2 x → (−1,1), y → (1, σ ), z → (1, τ )
(35,35) C2 ×D4 x2 x → (−1,1), y → (1, σ ), z → (1, τ )
(36,28) C2 ×D4 w x → (−1,1), y → (1, σ ), z → (1, τ )
(37,29) C2 ×D4 y2 y → (−1,1), xz → (1, σ ), z → (1, τ )
(38,30) C2 ×D4 w2 y → (−1,1), wz → (1, σ ), w → (1, τ )
(39,31) C2 ×D4 x2 x → (−1,1), y → (1, σ ), z → (1, τ )
(44,43) C2 ×D4 x4 z → (−1,1), x → (1, σ ), y → (1, τ )
(45,44) C2 ×D4 x4 y → (−1,1), x → (1, σ ), z → (1, τ )
In other words, E is realizable as a Galois group over K if and only if there exists a
Galois extension L/K such that the embedding problem given by L/K and (5) is properly
solvable. As mentioned above, if a solution (M/K,ϕ) exists, then it is a proper solution.
Of the groups with no previously known realizability conditions, there are ten groups
of order 32 that are non-split extensions of C2 by C2 × D4. We use the presentation
〈σ, τ | σ 4 = τ 2 = 1, τστ−1 = σ−1〉 for D4. Recall that C2 ×D4 is realizable as a Galois
group over K if and only if there exist quadratically independent elements a1, a2, b2 ∈ K˙
such that (a2,−b2) = 1. In addition, (a2,−b2) = (a2, a2b2), so there exists a C2 ×D4-
extension L/K if and only if for some quadratically independent elements a1, a2, b2 ∈ K˙ ,
there exist elements α2 ∈K , β2 ∈ K˙ such that a2b2 = α22 − a2β22 . Any C2 ×D4-extension
L/K can be written as
L=K
(√
a1,
√
q2
(
α2 + β2√a2
)
,
√
b2
)
, (6)
where a1, a2, b2, α2, and β2 are as above and q ∈ K˙ .
Proposition 3. The group G42 with presentation
〈
x, y, z | x8 = y2 = z2 = [x, y] = 1, xz= zx−1, yz= zx4y〉
is realizable as a Galois group over a field K if and only if there exist quadratically
independent elements a, b, c ∈ K˙ and an element u ∈ K such that (a, c)(b,2)(−c,u)=
(b,−c)= 1.
Proof. Let L/K be a C2×D4-extension as in (6). Note that the set {(−1,1), (1, σ ), (1, τ )}
generates C2 × D4, where σ 4 = τ 2 = (στ)2 = 1. These elements satisfy the relations
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sequence
1 C2 −1 →x4
G42
y →σ1
x →σ2
z →τ2
C2 ×D4 1. (7)
In the notation of Theorem 1, let g1 = y , g2 = x , and h2 = z in G42. Then g21 = 1 and
g42 = x4, so d1 = 0 and d2 = 1. Since h22 = 1, e2 = 0. Now g1g2 = yx = xy = g2g1,
so d12 = 0. Since x4 is in the center of G42, g1h2 = yz = zx4y = x4zy = x4h2g1, and
so e12 = 1. The relation zx−1 = xz implies that z = xzx , whence zx = x−1z = x7z.
It follows that h2g2 = zx = x7z = x4g32h2, so f2 = 1. Therefore the obstruction to the
embedding problem given by L/K and (7) is (a2,−2)(−b2,2α2q2)(a2,−1)(a1, b2) =
(a1, b2)(a2,2)(−b2,2α2q2).
If G42 is realizable over K , then certainly L/K exists and the above embed-
ding problem is solvable. Hence we get sufficient conditions for the proposition. Con-
versely, given quadratically independent elements a1, a2, and b2 in K˙ and u ∈ K , with
(a1, b2)(a2,2)(−b2, u)= (a2,−b2)= 1, the last equality guarantees the existence of ele-
ments α2 ∈ K and β2 ∈ K˙ such that a2b2 = α22 − a2β22 and a set of C2 ×D4-extensions,
parametrized by q2 as in (6). Choosing q2 ∈ K˙ such that u = 2α2q2 yields a C2 × D4-
extension with (a1, b2)(a2,2)(−b2,2α2q2)= 1 and thereforeG42 is realizable overK . ✷
Of the groups of order 32 without previously known realizability conditions that are not
non-split extensions of C2 by C2 ×D4, two are non-split extensions of C2 by (C2)2 ×C4.
Recall that the group (C2)2×C4 is realizable over K if and only if there exist quadratically
independent elements a, b, c ∈ K˙ such that (c,−1) is trivial in Br(K). Any (C2)2 × C4-
extension L/K can be written in the form
L=K
(√
a1,
√
a2,
√
q3
(
a3 +√a3
)) (8)
for some q3 ∈ K˙ , where a1, a2, a3 ∈ K˙ are quadratically independent and a3 = u2 + 1.
Proposition 4. The group G24 with presentation
〈
x, y, z
∣∣ x4 = y4 = z2 = [x, y] = [x, z] = 1, yz= zx2y〉
is realizable as a Galois group over a field K if and only if there exist quadratically
independent elements a, b, c ∈ K˙ such that (a,−1)(b, c)= (c,−1)= 1.
Proof. Suppose there exists a (C2)2 × C4-extension L/K , as in (8). We shall use
Theorem 1 to find conditions for embedding L into a G24-extension of K . Note that
{(−1,1,1), (1,−1,1), (1,1, i)} is a generating set for (C2)2×C4 that satisfies the relations
given in Theorem 1, so we may let σ1 = (−1,1,1), σ2 = (1,−1,1), and σ3 = (1,1, i).
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1 C2 −1 →x2
G24 x →σ1
z →σ2
y →σ3
(C2)
2 ×C4 1. (9)
Following the notation of Theorem 1, let g1 = x , g2 = z, and g3 = y in G24. Then g21 = x2,
g22 = 1, and g43 = 1, so d1 = 1, d2 = 0, and d3 = 0. Now g1g2 = xz = zx = g2g1, so
d12 = 0. Also g1g3 = xy = yx = g3g1, so d13 = 0. Finally, g2g3 = zy = x2yz = x2g3g2,
so d23 = 1. Thus the obstruction to the embedding problem given by L/K and (9) is
(a1,−1)(a2, a3). The sequence is non-split, so by Theorem 1, the obstruction to the
embedding problem given by L/K and (9) is (a1,−1)(a2, a3).
Since G24 is realizable if and only if L/K exists and the above embedding problem is
solvable, this completes the proof of the proposition. ✷
Finally, the group G4 (see presentation below) is a non-split extension of C2 by (C4)2.
Recall that (C4)2 itself is realizable as a Galois group over K if and only if there exist
quadratically independent elements a, b ∈ K˙ such that (a,−1) and (b,−1) are trivial in
Br(K), that is, if and only if there exist quadratically independent elements a1, a2 ∈ K˙
such that for some ε1, ε2 ∈ K˙ , a1 = ε21 + 1 and a2 = ε22 + 1.
As mentioned in Section 2, any (C4)2-extension L/K can be written in the form
L=K
(√
q1
(
a1 +√a1
)
,
√
q2
(
a2 +√a2
)) (10)
for some q1, q2 ∈ K˙ , where a1, a2 are as above.
Proposition 5. The group G4 with presentation
〈
x, y
∣∣ x8 = y4 = 1, xy = yx5〉
is realizable as a Galois group over a field K if and only if there exist quadratically
independent elements a, b ∈ K˙ and an element q ∈ K˙ such that (a,−1) = (b,−1) =
(a,2b)(−1, q)= 1.
Proof. Let L be a (C4)2-extension of K as in (10). Note that {(i,1), (1, i)} is a generating
set for (C4)2 that satisfies the relations given in Theorem 1, so let σ1 = (i,1) and
σ2 = (1, i). Consider the exact sequence
1 C2 −1 →x4
G4 x →σ1
y →σ2
(C4)2 1. (11)
In the notation of Theorem 1, let g1 = x and g2 = y in G4. Then g41 = x4 and g42 = 1, so
d1 = 1 and d2 = 0. Since 〈x4〉 is a normal subgroup of order 2, x4 is in the center of G4, so
g1g2 = xy = yx5 = x4yx = x4g2g1. Thus d12 = 1. Thus, since the sequence is non-split,
434 H.G. Grundman, G.L. Stewart / Journal of Algebra 272 (2004) 425–434Theorem 1 implies that the obstruction to the embedding problem given by L/K and (11)
is (a1,2)(−1, q1)(a1, a2)= (a1,2a2)(−1, q1).
Since G4 is realizable if and only if L/K exists and the above embedding problem is
solvable, this completes the proof of the proposition. ✷
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